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Mathematical and Physical Constraints on Large-Eddy
Simulation of Turbulence
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Recent progress in the theoretical foundationsof large-eddy simulation is reviewed. Most of the work reported is
motivated by conceptual dif� culties encountered in applying the large eddy simulation method to inhomogeneous
complex geometry � ows. Among the topics covered are the problem of the lack of commutation between � ltering
and derivative operators for inhomogeneous� ows, the issues of enforcing symmetry and realizability conditions in
subgridmodeling,andtheproblemofunacceptablyhighnumerical errors in largeeddysimulationimplementations
with � nite difference methods.

I. Introduction

I N direct numerical simulation (DNS) of Navier–Stokes (NS)
turbulence, the numerical resolution is suf� ciently � ne so as to

resolve all scales of motion that carry signi� cant energy. It is well
known that such resolution requirements make DNS prohibitively
expensivefor many aerospaceapplications.The Reynolds-averaged
Navier–Stokes (RANS) approach is much cheaper computationally
but require nonuniversal closure models, which are often dif� cult
to construct, especially in problems involving complicated geom-
etry and � ow separation. An intermediate approach is large-eddy
simulation (LES), where one only seeks to resolve those eddies that
are large enough to contain information about the geometry and dy-
namics of the speci� c problem under investigationand to regard all
structureson a smaller scale as universal following the viewpoint of
Kolmogorov. The dif� culty of this approach is there is no real sep-
aration between the large and small scales; the division is merely
a convention. This prevents a systematic approximate solution of
the closure problem along the lines, e.g., of the Chapman–Enskog
development for Boltzmann’s equation. In the latter example, there
exists a regime of interesting problems where the scale of variation
of hydrodynamicvariables is much larger than the molecular mean
free path. Such a scale separationis not possible in the case of LES.

There are two possible approaches to thinking about LES. In the
� rst, for everydynamicalvariable f , e.g.,pressure,oneexplicitlyde-
� nesa smoothedor � lteredvariable Nf de� ned as an appropriatelocal
average of f , so that Nf is a smoother function that only follows the
large-scalestructureof f and lacks the small-scale� uctuations.One
then derives from the NS equationsa set of equationssatis� ed by the
corresponding� ltered variables.These equations are exact because
no approximationhas beenmade so far. However, the LES equations
are unclosed. At this stage, an approximate model is chosen for
the unclosed terms to give a set of model LES equations. These
equations are then solved numerically.

A second possible approach is to simply discretize the NS equa-
tions, using some appropriatelychosen numerical scheme, on a grid
that is too coarse to allow for any sensible resolution of the � ne
structure generated by the exact NS equations.One then tries to ac-
count for any problems created by this lack of resolution by adding
additional terms or modifying the numerical scheme itself to � x
these problems (such as insuf� cient energy dissipation). Examples
of this approach are simulations that do not use any subgrid models
at all but rely on the inherent dissipation of numerical schemes to
mimic transferof energy to smaller scales throughtriad interactions.
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The main advantage of the � rst approach is that it enables one
to address the issues of subgrid modeling and numerical methods
separately,therebyenablingone to deal with two very dif� cult prob-
lems one at a time. This has a distinct advantage for any theoretical
analysisof either subgridmodeling or numerical errors. The second
approach may be cheaper (no overheads for subgrid models) when
it works. However,when it does not, it is more dif� cult to determine
exactly what went wrong, e.g., trying to improve grid resolution
to resolve mean variables may trigger an instability because of de-
creased numerical dissipation. In this paper we will assume the
former approach to LES simply because it is more structured and,
therefore, is more amenable to theoretical analysis. There exists a
not too precisely stated hope that when one solves the NS equations
on a discrete grid with a dissipative scheme perhaps one obtains
exactly the solution of a set of LES equations with some combina-
tion of � ltering and subgrid model that is implicit. That is, we do
not know exactly what the � ltering scheme and subgrid models are,
but there exists a scheme and a model such that the corresponding
LES equations when solved would give the numerical solution ex-
actly. This belief, however, is not true, as has been pointedout in the
literature.1 ;2

In the next section,we discuss the basic equations for the � ltered
variables. In the case of inhomogeneous � ows, there is a closure
problem that arises not due to the nonlinearity of the NS equations
but because of the failure of the derivative operator to commute
with the � ltering operation and/or because of the presence of � nite
boundaries. The various approaches for dealing with this problem
are discussed. In Sec. III we discuss the issue of subgrid modeling
and the constraints imposed on the subgridmodel by the mathemat-
ical structureof the NS equations. In Sec. IV, we discuss the issueof
discretizationerrors in LES. Becauseof the presenceof a continuum
of spatial scales, a new approach to error analysis is required with
errors being characterizedby their power spectra rather than single
numerical values. The power spectra depend on both the numerical
method as well as the energy spectrum, but may be expressed in
separable form. The principal results are summarized in Sec. V.

For simplicity, and due to limitations of space and the author’s
expertise, discussion will be limited to incompressible turbulence.
However, many of the results are easily extendible to the general
case of compressible � ows.

II. Basic Equations of LES
We will follow the index notation for tensors with the summation

convention. The NS equations are, therefore, written as follows:

@t u i C uk@k u i D ¡.1=½/@i p C º@kk u i (1)

@i u i D 0 (2)

where º and ½ are the (constant) kinematic viscosity and density,
respectively, u i is the velocity, and p is the pressure. For any dy-
namical � eld f .x; t/ the correspondingLES � eld is de� ned as
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Nf .x; t/ D f . y; t/G
x ¡ y

1
dy .3/

where G is some function (the � lter) with an effective width of the
order of unity and 1 is the � lter width. On applying the operation
(3) to Eqs. (1) and (2), we derive the basic equations of LES:

@t Nu i C Nuk @k Nui D ¡.1= N½/@i Np C º@kk Nui ¡ @ j ¿i j (4)

@i Nui D 0 (5)

where

¿i j D ui u j ¡ Nu i Nu j .6/

is the (unclosed) subgrid stress. Note that the � rst term on the right-
hand side of Eq. (4) is a consequenceof the constancy of ½.

A. Problems with Inhomogeneous Flows
The derivation of Eqs. (4) and (5) are valid provided all of the

differentiation operators commute with the � ltering operator, that
is, if the following is true for any function f .x/:

@ f

@ xi

D @ Nf
@xi

.7/

It is easily veri� ed that Eq. (7) is true if the � lter width 1 in Eq. (3)
is a constant.However, for a wall-bounded� ow, if the distance from
the wall is less than 1=2 one will need to truncate the � lter func-
tion G, or do something similar for the � ltering operation (3) to
be well de� ned. Thus, either 1 must be variable or the functional
form of G itself must change as one approaches walls. This is en-
tirely consistentwith the de� nition of LES because the length scale
below which eddies can be regarded as universal decreases as one
approacheswalls. For the same reason, a variable � lter width is also
essentialfor the proper formulationof LES in inhomogeneous� ows
(of which wall-bounded � ows represent a special case). That vari-
able � lter widths result in a violationof Eq. (7) invalidatingthe basic
equations (4) and (5) was recognizedearly.3 The problem,however,
has been largely ignored until recently, perhaps as a result of being
overshadowedby more seriousproblemsrelated to numericalmeth-
ods. It was hoped that any errors that result in ignoring this problem
would perhaps be comparable to other sourcesof errors, viz., errors
due to the subgrid closure, truncation errors, aliasing errors, and
time-stepping errors. Whereas such an approach might have been
not entirely unreasonable at the time, the rapid advancement4;5 of
LES in recent years has necessitateda more careful examination of
this issue.

B. NS Acquires Extra Terms
A systematic analysis of this commutation error may be under-

taken along the following lines6:
We consider the one-dimensional case of a dynamical variable

u.x/; the generalization to three dimensions is obvious. A one-
to-one transformation from an in� nite domain ¡1 < » < C1 to
a � nite domain a < x < b may be affected through a monotonic
function

» D f .x/ .8/

such that f .a/ D ¡1 and f .b/ D C1. In the » space there are no
boundaries so that � ltering with a uniform � lter width 1 is easily
de� ned as in Eq. (3). Filtering in physical space x is then de� ned as
follows. 1) Transform variables x ! » in u.x/. 2) Filter u[ f ¡1.» /]
the usual way. 3) Transform back » ! x to get � ltered � eld. Math-
ematically, this operation amounts to the following de� nition:

Nu.x/ D
1

1

C1

¡1
G

» ¡ ´

1
u[ f ¡1.´/] d´

D 1

1

b

a

G
f .x/ ¡ f .y/

1
u.y/ f 0.y/ dy (9)

It is easy to showthataway fromboundariesEq. (9) is approximately
equal to � ltering with the kernel G but with a variable � lter width
±.x/ D 1= f 0.x/, that is,

1
1

b

a

G
f .x/ ¡ f .y/

1
u.y/ f 0.y/ dy

¼ 1

±.x/

C1

¡1
G

x ¡ y

±.x/
u.y/ dy (10)

It should be noted that in de� nition (9), due to the function f ap-
proaching §1 for x approaching boundaries, the integrand never
becomesunde� ned. However, if the right-handside of Eq. (10) were
used to de� ne the � ltering operation, the integrand would become
unde� nednearboundariesandonewouldhave to restrictthe integra-
tion to a � nite domain thereby creating additional boundary terms.
This dif� culty is avoided in de� nition (9) by transforming away all
boundaries to in� nity. (An alternate approach that explicitly retains
the boundary terms has been proposed by Fureby and Tabor.7) Fil-
ter (9) actually differs markedly from approximate form (10) near
boundaries, as the kernel becomes visibly asymmetric.6 Note that
the requirement that the � lter width in the wall normal direction, ±,
should approach zero near boundaries does not mean that the grid
spacing h should also approach zero (which is impossible to meet
with � nite computing resources). In LES, one seeks to resolve the
large structures that depend on detailed geometry of the speci� c
problem and use a model for the collective effect of the univer-
sal small scales. This is no longer feasible, however, very near a
wall, where the relevant length scale is the thickness of the viscous
boundary layer ` and the dynamics at this scale cannot be captured
by any universal turbulence model but should be computed explic-
itly. Therefore, very near a wall, ideally, one ought to have h » ` or
smaller, whereas far from the the wall, the corresponding require-
ment is h » ±. This ideal resolution, h » `, though nonzero, is still
very small, and often practical constraints on computing resources
preclude reaching this level of resolution. In such cases one either
needs to consider avoiding computing very close to the wall by re-
sorting to some model of the near-wall region to provide boundary
conditions at the top of the wall layer (see Ref. 8 and the references
therein) or one simply accepts that resolution close to the wall is
less than the ideal requirement and hopes that this does not have an
adverse impact on the rest of the computation.

An expression for the commutation error can easily be written
down using de� nition (9),

[u] ´ du

dx
¡ d Nu

dx
D 1

1

b

a

G
f .x/ ¡ f .y/

1

£ u 0.y/ f 0.y/ 1 ¡
f 0.x/

f 0.y/
dy (11)

If G is symmetric(aswith mostcommonlyused � lters), then it is eas-
ily shown using Taylor series analysis that [u] D c2.x/12 C ¢ ¢ ¢ ;
where c2.x/ is a coef� cient independent of 1 and proportional to
the second moment of G. Because the � lter width and the grid
spacing are usually of comparable magnitude, the error made in
assuming that the derivative and � ltering operations commute is of
the same order as the truncation error of a second-order � nite dif-
ference scheme. In turbulence computations, high-order methods,
such as spectral methods9 and more-recently compact schemes,10

are usually preferred over second-order schemes. This could be
especially important in LES because the high-order modes near
the limit of resolution could have signi� cant amplitudes. There-
fore, the commutation error can be a serious threat to the accuracy
of turbulence computations, degrading the resolution of a high-
order method to no more than a second-order scheme. The fol-
lowing estimate for the subgrid stress, j¿i j j » 12=3 , is well known.
Therefore, the commutation error, which is »12 , is perhaps a cor-
rection compared to the modeled subgrid term for the low-order
modes, but may be more signi� cant for the smaller scales near the
grid resolution. Estimates for the relative magnitude of the com-
mutation error in LES have been provided earlier by Fureby and
Tabor.7

One methodof correctingfor the commutationerror is to approxi-
mate [u] by a linear combinationof derivatives Nu 00.x/; Nu0000.x/; : : : ;
and choose the coef� cients such that the residual error is less than
any desiredorder (in practice the same order as the truncationerror).
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The following approximation, for example, has fourth-order accu-
racy:

du

dx
D d Nu

dx
¡ ®±2 ±0

±

d2 Nu
dx2

C .±4/ .12/

where ±.x/ D 1= f 0.x/ is the local � lter width introducedearlierand
® D ³ 2G.³ / d³ . Expansion (12) can be applied to derivatives in
each direction in the NS equations,and the equationsfor the � ltered
� eld Nu can be written down. They are the usual LES equations
augmented by the higher-order derivative terms6

@t Nui C j . Nui Nu j / D ¡ i Np ¡ j ¿i j C Re¡1
k k Nu i (13)

i Nu i D 0 (14)

where the operator i has the asymptotic expansion

i D @i ¡ ®120i jk @ j @k C ¢ ¢ ¢ .15/

where1 is the � lterwidth,0i jk areknown coef� cientsdescribingthe
manner in which the computational grid is stretched and distorted,
and ® is the second moment of the � lter kernel de� ned earlier. A
similar set of modi� ed LES equations have been derived by Fureby
and Tabor.7

The physical meaning of the additional terms may be easily un-
derstood. For this, consider a Gaussian wave packet u.x/ traveling
from left to right according to the evolution equation

@u

@t
C @u

@x
D 0 .16/

Suppose that the physicalspace � lter width ±.x/ is increasingmono-
tonically from left to right. Then as the wave travels, it would en-
counter ever increasing � lter widths so that Nu would have a decreas-
ing peak and broadening width as it propagates to the right even
though u.x/ travels unchangedin form. On applyingEq. (12) to Eq.
(16), we � nd

@ Nu
@ t

C
@ Nu
@ x

D º
@2 Nu
@x2

.17/

where º D ®±2.± 0=±/ is positive. The term on the right-hand side of
Eq. (17) is a diffusionterm, which causes the necessaryspreadingof
the wave packet Nu. The interpretation can be con� rmed by exactly
evaluating Nu and comparing with the prediction of Eq. (17) for a
simple choice of ±.x/. The opposite effect is observed for a wave
packet moving from right to left. In this case the diffusion term is
replaced by an antidiffusionterm, so that the wave packet increases
in amplitude and becomes more and more con� ned. However, for
such a wave, if the domain of x is (¡1; C1) the wave packet
would diverge like a delta function due to the antidiffusion term.
This is clearly an incorrect prediction because Nu.x/ should clearly
converge to u.x/ as the wave moves to the left and the � lter width
approaches zero. This dif� culty arises because as the pro� le of Nu
becomes sharper its higher-order derivatives become larger and ul-
timately the correction term on the right of Eq. (17) becomes of the
same order as the neglected terms invalidating the approximation
unless further correctionterms are brought to play on the right-hand
side of Eq. (17). For a semibounded domain (a; 1) (or bounded
domain), which is a more realistic situation, the divergencedoes not
occurbecausea wavemoving to the left, thoughinitiallyamplifying,
is ultimately re� ected on reaching the boundary and subsequently
travels to the right with decaying amplitude.

Though the effect of the correction term is easy to understand in
this simple situation,its effect in the contextof the full NS equations
is unknown because LES with the correction terms has never been
done. An interesting model problem to study may be LES of the
collisionof a vortexwith a wall,where one shouldbe able to observe
the creation (destruction) of � ne structure brought about by the
additional terms as the vortex moves toward (away) from the wall
(the zone of � nest resolution).

A question that immediately comes to mind is whether boundary
conditions in addition to the usual no-slip ones are needed for the
LES equations near rigid walls because by adding the extra terms

we have increased the order of the basic equations.To examine this
question let us consider the simplest of boundary value problems:

du

dx
D 0 .18/

with the boundary condition

u.0/ D 1 .19/

The solution is clearly

u.x/ D 1 .20/

which implies

Nu.x/ D 1 .21/

Now let us see what is needed to recover this solution from the
equation for Nu obtained by applying the � ltering operation to Eq.
(18) and using Eq. (12):

d Nu
dx

D º
d2 Nu
dx2

.22/

Let us choose as an example the mapping f .x/ D log x , so that
º D ®±2.± 0=±/ D ®12x . Thus, the equation for Nu in this elementary
example is

d Nu
dx

D ®12x
d2 Nu
dx2

.23/

which has the general solution

Nu.x/ D 1 C Cx1 C ®¡11¡2
.24/

given the boundary condition Nu.0/ D 1. It is clear that Eq. (21) can-
not be derived as the unique solution to Eq. (23) no matter what
boundary condition is speci� ed for d Nu=dx . This is because Eq. (23)
is singular at x D 0 due to vanishingof the coef� cient of the second
derivative,and theuniquenesstheoremfor solutionsof second-order
differential equations do not hold for solutions through x D 0.

The correct condition needed to recover Eq. (21) is the bounded-
ness condition

lim
1 ! 0

Nu.x; 12/ .25/

which should be � nite if the limit is taken with � xed x . Applying
Eq. (25) to Eq. (24) readily implies C D 0 and Eq. (21) follows. A
more practicalway of enforcingEq. (25) is to look for an asymptotic
solution in the form

Nu D Nu0 C 12 Nu1 C ¢ ¢ ¢ .26/

which from the start rules out solutions that are singular as 1 ! 0.
On substituting Eq. (26) in Eq. (23) we have the following chain of
equations:

d Nu0

dx
D 0 (27)

d Nun

dx
D ®x

d2 Nun ¡ 1

dx2
.n D 1; 2; : : :/ (28)

Because Nu ! u as x ! 0, we have the boundary conditions
Nun.0/ D 1 if n D 0 and Nun.0/ D 0 otherwise. Thus, at each step we
have a differential equation of the same order as the original one,
and no additional boundary conditions are required. The procedure
has been worked out in detail by Ghosal and Moin6 for the incom-
pressibleNS equations.However, the authorspresent theasymptotic
method as an alternative to introducing additional boundary condi-
tion. This, however, is incorrect.As noted earlier, additionalbound-
ary conditions do not determine the solution uniquely and are not
needed. The correct condition is the requirement (25), which is en-
forced through the asymptotic expansion (26). The procedure does
involve added computationalcost because each time step would re-
quire one or more additional evaluationsof terms on the right-hand
side, and additional storage may also be required. Therefore, it is
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attractive to examine whether it is possible to choose the � lter func-
tion G cleverly, so that the � ltering and differentiationdo commute
with an error not greater than that the truncation error, and so that
the additionalterms are ignorable.This is discussed in the following
section.

C. Eliminating Extra Terms
Van der Ven11 proposed a form of the � lter function G such that

the commutation error is made as small as desired. Van der Ven
worked with the � ltering de� nition

Nu.x/ D 1

±.x/

C1

¡1
G

x ¡ y

±.x/
u.y/ dy .29/

where ±.x/ is the space-dependent� lter width. As pointed out ear-
lier, this de� nition is approximately the same as de� nition (9) away
from boundaries, but near boundaries the integrand becomes unde-
� ned, or, if the integration is stopped at the domain boundaries,
boundary terms arise as a consequence of integration by parts.
Van der Ven noted this dif� culty but left the problem open for fu-
ture investigation. If we ignore this boundary problem for the time
being, the commutation error may be written as follows:

[u] D
± 0.x/

±.x/

C1

¡1
[G.³ / C ³ G 0.³ /] f [x ¡ ³ ±.x/] d³ .30/

Van der Ven11 observed that, if G is chosen as the solution of the
equation

G.³ / C ³G 0.³ / D ²G .n/.³ / .31/

where ² is arbitrary, then the right-hand side of Eq. (30) may be
written after n integration by parts as follows:

[u] D ²±0.x/±n ¡ 1.x/u.n/.x/ .32/

Thus, the commutationerror can be made arbitrarilysmall. Equation
(31) is easily solved by taking Fourier transforms. In particular, if
n D 2m (a positive natural number) and if ² D .¡1/m® .® > 0), then
one obtains the two parameter family of � lters Gm .®; ³ / de� ned
through the Fourier transform

OGm .kI ®/ D exp[¡.®=2m/k2m] .33/

In particular,m D 1 correspondsto a Gaussian � lter. For all of these
� lters, the commutation error »±0.x/±2m ¡ 1.x/.

Van der Ven’s analysis has recently been generalizedby Vasilyev
et al.1 so as to contain the earlier work of Ghosal and Moin6 and
Van der Ven11 as special cases. Vasilyev et al. use the � ltering def-
inition (9), with f .a/ D ® and f .b/ D ¯ , but G is allowed to be a
functionof .´ ¡ »/=1 as well as » separately.They are able to write
the commutation error in the following form:

[u] D
C1

k D 1

Ak Mk.» /1k C
C1

k D 0

Bk
dMk

d»
1k .34/

where the moment Mk is de� ned as

Mk .» / D
» ¡¯=1

» ¡®=1

³ k G.³; »/ d³ .35/

If the � lter is chosen so that M0.» / D 1 and Mk.» / D 0 for k D
1; 2; : : : ; n ¡ 1, then from Eq. (34) it follows that [u] » 1n . There
exists a wide class of such � lters with n ¡ 1 vanishingmoments, as
pointed out by Vasilyev et al.1 One example is the one-parameter
family (33) introducedby Van der Ven.11 Another is the correlation
function of the Daubechies scaling function used for constructing
orthonormal wavelet bases. Vasilyev et al. also show how to con-
struct discrete versions of such � lters on numerical grids.

D. Grid and Test Filters, Self-Similarity, and So Forth
In the classical Smagorinsky model

¿i j ¡ 1
3 ¿kk ±i j D ¡2C12j NSj NSi j .36/

with a constant C , though the concept of a � lter is required, one
does not need to know how exactly it is de� ned because one does
not need to use the � ltering operation explicitly in solving the basic
equations (4), (5), and (36).

The situation is different in various types of mixed models.12;13

Here one decomposes ¿i j as follows:

¿i j D L i j C Ci j C Ri j .37/

where L i j D Nui Nu j ¡ Nu i Nu j , Ci j D Nui Nu0
j C Nu j Nu0

i , and Ri j D u 0
i u

0
j . One

thenarguesthatit isonly thepartsCi j and Ri j thatneedto bemodeled
because L i j is known in terms of the LES � eld Nui . Therefore, the
Smagorinskymodel is appliedonly to the tracelesspartof Ci j C Ri j ,
and L i j is computed explicitly. In this formulation one does need
to know explicitly what the � lter is because it is needed in the
formulation.

Another class of models where knowledge of the � lter is re-
quired,at least indirectly,is the dynamicmodel.14– 17 In the dynamic
model one formally applies a second � lter O with � lter width O1 > 1
to Eqs. (4) and (5) to generate a set of equations identical to Eqs. (4)
and (5)butwith the operationON replacingthe N and Ti j D ui u j ¡ ONu i

ONu j

replacing ¿i j . One then argues that these equations are essentially
identical to the LES equations(4) and (5) except for the length scale
1. Therefore, one may use the same subgrid model for Ti j as for ¿i j

but simply use O1 as the relevant length scale instead of 1. There
exists a relation between Ti j and ¿i j , as noted by Germano et al.14:

L i j D Ti j ¡ O¿i j .38/

Taking the traceless part of this identity and substituting the
Smagorinsky model in it, using the self-similarity assumption for
Ti j , we obtain

L i j ¡ 1
3
L ii ±i j D ¡2C12j ONSj ONSi j C 2 O12 C j NSj NSi j .39/

This is an equation for C that can be used in various ways to de-
termine C , as is well known (see the references at the beginning of
this paragraph). This was � rst recognizedby Germano et al.,14 who
showed great ingenuity in � guring out a way to exploit the identity
to extract the unknown coef� cient C , a task that at � rst sight would
seem impossible.

One of the assumptions in the preceding argument is that the
� lters N and ON are self-similar, that is, the kernels are identical except
for a scale factor. Although this is certainly true for the Gaussian
� lter as well as the Fourier cutoff � lter, it is not true in general.
In practical implementations of the dynamic model, the so-called
top-hat � lter [G.x/ D 1 if jx j < 1=2 and 0 otherwise] is often used.
However, the convolution of two top-hat � lters is not another top-
hat � lter, as one can easily verify. This apparent inconsistency was
pointed out by Carati and Vandeneijnden,18 who also proposed an
ingenious solution to the dilemma reminiscent of renormalization
group ideas.They considered� lters constructedby in� nite iteration
of base � lters or generators 1 :

G1 ´ 1 ¤ 1=2 ¤ 1=4 ¤ 1=8 ¤ ¢ ¢ ¢ .40/

where ¤ denotes the convolution operator and 1 is the kernel of
the generator with the � lter width parameter equal to 1. Thus, if
O1 D 21, the test � lter OG O1 D 21 ¤G1 is by constructionself-similar
to the grid � lter. In practical implementationsof the dynamic model,
one only uses the � lter O, that is, , explicitly. According to Eq.
(40), once the test � lter is chosen, the grid � lter is determined
uniquely from the requirement of self-similarity. In particular, as
mentioned before, the Fourier cutoff � lter and Gaussian � lter fall
within the class of � lters de� ned by Eq. (40). The top-hat � lter does
not. However, the top-hat � lter may be used as the generator to
generate self-similar � lters according to the prescription (40).
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III. Constraints on Subgrid Models
As discussed in the Introduction, as of this date there exists no

systematic method for deriving a closure for the subgrid stress; i.e.,
there exists no satisfactory theory of turbulence. Under the circum-
stances, subgrid modeling is essentially the art of making an edu-
cated guess. Therefore, it is a wise strategy to reduce the possible
choices somewhat by restricting the guesses to those that satisfy
properties of the subgrid stress that can be proven to be true. These
restrictions belong to two classes: the symmetry requirements and
the realizability requirements, the subject of the remainder of this
section.

A. Symmetry Requirements
The concept of symmetry is fundamental in physics. It means,

e.g., that nature does not distinguish between different points and
directions in space so that the equations describing physical phe-
nomenon should have the same form in reference frames translated
or rotated with respect to each other. The NS equations themselves
show many symmetries such as invariance under translation and
rotationof the coordinatesystem, mirror re� ections,Galilean trans-
formations, and scale invariance. One must not, however, jump to
the conclusion that the LES equations, therefore, do or should ex-
hibit the same symmetries. The point is, in performing the coarse
graining by means of the � ltering operation to go from NS to the
LES equations,one may break one or more of these symmetries.For
example, if one chooses different � lter widths for different points
of space the symmetry under translational invariance of the NS is
broken.This is not something that is wrong or must be avoided,but
it is merely a consequenceof our choosing not to treat all points of
space as equivalent but deliberately choosing different resolutions
in different regions for good reason. Of course, the subgrid model
must re� ect the same symmetries as the exact LES equations,but in
deciding which symmetries the subgrid model needs to satisfy, one
must be careful in recognizing which symmetries are inherited by
the LES equations from the NS and which symmetries are broken.

1. Translation Symmetry
If the origin of the coordinate system is shifted by an amount a,

a given point has coordinatesx0 D x ¡ a in the new reference frame.
Clearly, the velocities are unaffected,so that u0.x0/ D u.x/. Now the
question is, Does the � ltered � eld Nu satisfy the same symmetry, that
is, is Nu0.x0/ D Nu.x/? By elementary transformation of variables it
follows that

Nu0.x0/ D G.x0; y0/u0.y0/ dy0 D G.x ¡ a; y ¡ a/u.y/ dy .41/

and this equals Nu.x/ if and only if G.x ¡ a; y ¡ a/ D G.x; y/, that
is, if G is a function of x ¡ y only.

In inhomogeneous � ows one often uses � lters such as Eqs. (9)
and (29), which do not have the form of Eq. (41), and translational
symmetry is, therefore,broken in the LES equations.As an example
let us consider the problem of a wall-bounded � ow. If one uses a
subgrid model ¿i j ¡ 1

3 ±i j ¿kk D ¡2ºt
NSi j , where the eddy viscosity

is de� ned as ºt / y3 when y is less than some length L and con-
stant otherwise, the subgrid model would not be invariant under
translationsin the y direction.This, however, is perfectly legitimate
because invariance under translations in the y direction is a broken
symmetry for the LES equations derived with a y-dependent � lter.
Any attempt to enforce this nonexistent symmetry in the subgrid
model would result in incorrect behavior of the equations.

2. Rotational Symmetry
Arbitrary rotations of the coordinate system with the origin � xed

are describedby x 0
i D Ai j x j , where Ai j is a unitary matrix. It is well

known that ui transforms as a vector u 0
i D Ai j u j . The question that

we should ask in whether Nu i has the same transformationrule as u i ,
that is, whether the � lter N is a scalar operator. It is easy to convince
oneself that this is not in general true, because

Nu 0
i .x

0/ D G.x0; y0/u 0
i .y

0/ dy0 D G.Ax; Ay/Ai j u j . y/jdet Aj dy

.42/

and the right-hand side equals Ai j Nu j .x/ if and only if (note that
jdet Aj D 1 for rotations)

G.Ax; Ay/ D G.x; y/ .43/

that is, if G depends only on jx ¡ yj the invariant under arbitrary
rotations.

A consequence of this is that, for � lters that are not spherically
symmetric, the � ltered � elds do not necessarily inherit the vector
or tensor properties of the underlying � eld. In particular, the sub-
grid stress ¿i j is not a tensor, that is, ¿ 0

i j 6D Aim A jn ¿mn unless the
� lter is spherically symmetric. However, if the Reynolds number is
suf� ciently high so that the effective � ltering zone characterizedby
the length ± still contains a very large number of subgrid eddies,
the � ltered � eld is expected to be almost independent of the shape
of the kernel G . This expectation is the consequenceof the general
observation that averages become insensitive to the nature of the
sampling as the sample size becomes large, e.g., the macroscopic
properties of a gas that are given by averages over molecular distri-
butions do not depend on the shape of the vessel containing the gas
as long as this vessel is of macroscopic size. Similarly, the speci� c
heat of a solid does not depend on the shape of the sample so long
as it is much larger than molecular dimensions.Thus, the departure
of ¿i j from the tensor transformation rule would be negligible for
robust turbulence away from walls or other sources of anisotropy
on a scale comparable to the � lter size. Therefore, invariance un-
der rotations is always preserved for spherically symmetric � lters
and also preserved to a very good approximation for other � lters
provided the � ltering zone contains a suf� ciently large sample of
subgrid scales.

All subgrid models known to the author are designed so that the
modeledsubgridstresshas the tensorialpropertyin situationswhere
the � ltering can be regarded as a scalar operation.

3. Parity Invariance
Re� ections or parity transformations (replacing a right-handed

system by a left-handed one) is described by the coordinate trans-
formationrule x 0

i D Ai j x j , wheredet A D ¡1.The NS equations(and
all of classicalphysics) are known to be invariantunder such mirror
re� ections. The transformation rule for the velocity in this case is

Nu 0
i .x

0/ D G.x0; y0/u 0
i .y

0/ dy0 D G.Ax; Ay/Ai j u j . y/jdet Aj dy

.44/
and the right-hand side equals Ai j Nu j .x/ if and only if (note that
jdet Aj D 1 for re� ections)

G.Ax; Ay/ D G.x; y/ .45/

that is, if G remains unchangedwhen one passes from right-handed
to left-handed systems.

A consequence of this is that asymmetric � lters such as Eq. (9)
may cause the re� ection invarianceof the NS equationsto be broken
in the LES equations.

The subgrid models known to the author satisfy this symmetry
requirement when the � lter is chosen so that the LES equations
inherit this symmetry.

4. Galilean Invariance
The NS equationsand all of the basic laws of physics are Galilean

invariant;i.e., all referenceframes translatinguniformlywith respect
to each other are equivalent.Because the � lter kernelof LES G.x; y/
is time independent,Galilean invarianceis satis� ed whenever trans-
lational invariance is an inherited symmetry. Thus, for � lters of the
type G.x ¡ y/ the LES equationspreserve the symmetry under arbi-
traryGalilean transformations.In situationswhere onedirection,for
example, the y direction, is inhomogeneous(requiring y-dependent
� lter widths) Galilean invariance is true only for the homogeneous
directions.

All subgrid models known to the author satisfy the requirements
of Galilean invariance with the exception of the so-called mixed
models discussedearlier. It is easily seen that each of the component
terms L i j , Ci j , and Ri j changeon transformingto a frame uniformly
translating with respect to the given one. However, the extra terms
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cancel on adding the components together so that ¿i j is invariant.
This precise cancellation no longer happens when Ci j C Ri j are
replacedby a model that does not necessarilyproduce the additional
term needed for the cancellation on transforming to the moving
frame. The problemhasbeenknown for some time andprescriptions
for curing it have been proposed.19

The requirement of Galilean invariance can be extended to the
more general concept of frame invariance provided one is willing
to augment the NS equations with the appropriate inertial forces.
The requirements on the � ltering kernel for the LES to inherit this
symmetry together with discussionson the degree to which various
commonly used subgrid models satisfy this symmetry requirement
havebeen providedby Speziale,20 Fureby,21 and Fureby and Tabor.7

5. Scale Invariance
Scale invarianceis simply a statement that our basic units of mea-

suring space and time are arbitrarily chosen so that the equations
describingphysicalphenomenonshouldhave the same formnomat-
ter what units are adopted.Dimensionalanalysisused extensivelyin
� uid dynamics is simply a statementof this scale invariancesymme-
try. Because the � lter G is always written in terms of dimensionless
variables

G.x; y/ D .1=13/G0[.x=1/; .y=1/] .46/

(G0 is dimensionless) for the � ltered � elds to have the correct di-
mensions, the scale invariance symmetry must always be inherited
by the LES equations.

All subgrid models (unless they are dimensionally incorrect) sat-
isfy the scale invariance symmetry.

B. Realizability Requirements
The requirements of realizability of subgrid models were � rst

pointed out by Schumann22 in the context of RANS. They have
been discussed in the context of LES by Fureby and Tabor7 and by
Vreman et al.,23 who also analyze commonly used subgrid mod-
els for compliance with these requirements and present tests of
such compliance using numerical simulation data. The realizabil-
ity condition implies in particular that the turbulent kinetic energy
k D 1

2
hu0

i u
0
i i is nonnegative, where h i denotes ensemble average,

space average, or time average. A more general statement of the
realizabilitycondition is that all three eigenvalues,¸1 , ¸2, and ¸3 , of
the stress tensor ¿i j must be nonnegative.This follows immediately
on choosing a coordinate system in which ¿i j has the diagonal form
(this is always possible because ¿i j is symmetric). Then we have

¸1 D ¿11 D 1
2
hu 0

1u0
1i ¸ 0 (47)

¸2 D ¿22 D 1
2
hu 0

2u0
2i ¸ 0 (48)

¸3 D ¿33 D 1
2
hu 0

3u0
3i ¸ 0 (49)

Equations (47–49) can be written in several equivalent forms.22

Some of these are as follows:
1) The quadratic form

Q D xi ¿i j x j .50/

is positive semide� nite (Q ¸ 0).
2) The three principal invariants of ¿i j are nonnegative:

I1 D
i

¿i j ¸ 0 (51)

I2 D
i 6D j

¿ii ¿ j j ¡ ¿ 2
i j ¸ 0 (52)

I3 D det[¿i j ] ¸ 0 (53)

(no summation over repeated indices, i; j ! 1–3.)
3) The following chain of inequalitiesare true (they are not inde-

pendent):

¿i j ¸ 0 if i D j (54)

¿ 2
i j · ¿ii ¿ j j if i 6D j (55)

det[¿i j ] ¸ 0 (56)

(no summation over repeated indices).
4) The following conditions are true:

¿11 ¸ 0 (57)

¿11¿22 ¡ ¿ 2
12 ¸ 0 (58)

det[¿i j ] ¸ 0 (59)

LES differs from the RANS approach in that the ensemble average
h i must now be replacedby the � lteringoperation N. The proofof the
realizabilityrequirementsrestson the followingpropertiesof theav-
eragingoperator:1) hai D a, 2) ha f i D ah f i, 3) h f C gi D h f iChgi,
4) h f 2i ¸ 0, and 5) h f i is a constant, where f and g are any two
dynamic � elds and a and b are constants.It is easy to see that the lin-
earity properties 1–3 also hold for the � ltering operation.However,
property4 is true only fornonnegative� lters. Property 5 is notvalid;
the � ltered � eld is slowly varying compared to the un� ltered � eld,
but it is not a constant. However, the realizabilityconditions can be
shown to be true in LES for nonnegative� lters provided one adopts
the standard LES de� nition of the subgrid stress, ¿i j D u i u j ¡ Nui Nu j .
In situationswhere the � ltering can be considereda scalar operator
(see earlier discussion), we can write the de� nition of the subgrid
stress in the coordinate frame in which the stress tensor has the
diagonal form. Thus,

¸1 D ¿11 D u2
1 ¡ Nu2

1 (60)

¸2 D ¿22 D u2
2 ¡ Nu2

2 (61)

¸3 D ¿33 D u2
3 ¡ Nu2

3 (62)

The right-handsides of each of these expressionsare nonnegative if
the � lter G is nonnegative.This can be proved in the followingway.
Let us assume that G ¸ 0, and without loss of generality,we choose
to work with � lters that are normalized to unity, G.x/ dx D 1. If
we represent continuous integrals in terms of discrete sums, then

f 2 ¡ Nf 2 D lim
i

wi f 2
i ¡

i

wi fi

2

.63/

where wi are a set of weights such that wi ¸ 0 and

i

wi D 1

and lim denotes the usual operation of passing to the limit of an
in� nite number of in� nitesimal subdivisions.We now note the fol-
lowing inequalityobtainedon substitutionof then-dimensionalvec-
tors ai D

p
wi and bi D

p
.wi / fi (note wi must be nonnegative) in

the Cauchy–Schwarz inequality ja ¢ bj · kakkbk with respect to the
Euclidean metric:

i

wi fi

2

·
i

wi

i

wi f 2
i .64/

On using this inequalityon the right-handside of Eq. (63), it follows
that all three eigenvalues¸1, ¸2 , and ¸3 in Eq. (62) are nonnegative.
Thus, the realizability conditions (47–49) and their various equiv-
alent forms are rigorously true in LES provided only nonnegative
� lters are employed. The restriction to nonnegative � lters may be
undesirablebecausethe commuting� ltersdiscussedearlier and sev-
eral commonly used � lters (such as Fourier cutoff) do not have this
property. However, if the Reynolds number of the turbulence is
suf� ciently high so that the effective � ltering volume containsa sta-
tistically signi� cant range of eddies, it is expected that the result of
the � lteringwould be independentof the precise formof the � ltering
kernel. Thus, in practice, the realizabilityconditions(47–49) can be
assumed to be valid for LES even though strict validity can only
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be demonstrated in the case of nonnegative � lters. Numerical sim-
ulation databases for a mixing layer do show some regions of � ow
where strict positivity of the subgrid kinetic energy is violated,23

though both the magnitude of the negative energy as well as the
volume of the region where this occurs are both quite small.

In the standard algebraic closures of the incompressible version
of the LES equations, only the traceless part of the subgrid stress is
modeled; the isotropicpart is absorbedinto the pressure term to give
the effectivepressure p C 2

3
k (where k is the subgridkineticenergy),

which is determinedfromthecontinuityequation.Becausek is never
known separately, there is no way to check in these models whether
or not the realizabilityconditions are satis� ed. In one-equationver-
sions of the model16 one solves an additional transport equation for
k so that k is known. The usual subgrid closure in this case is

¿i j D 2
3
k±i j ¡ 2C1

p
k NSi j .65/

If (s®; s¯ ; s° ) denote the principal strains ordered such that
s® ¸ s¯ ¸ s° (note that s® C s¯ C s° D 0 for incompressible turbu-
lence so that s® ¸ 0 and s° · 0), the realizabilityconditionsmay be
written as

¡
p

k

31js° j
· C ·

p
k

31s®

.66/

It is dif� cult to supply a proof that any given one-equation closure
satis� es Eq. (66). One is usually restricted to a numerical proof,
where statistics are collected at each grid point and the inequality
(66) is checked to see if realizability is violated at only a small
fraction of the computational volume. Sometimes the C value is
“clipped” if it falls outside the theoretically allowed range (66), but
this is not a satisfactory method for obvious reasons. The condi-
tion k ¸ 0, which is necessarybut not suf� cient for realizability,can
usually be theoretically guaranteed for one-equationmodels.16

IV. Analysis of Discretization Errors
The discussionso far was restricted to issues related to the deriva-

tion of the equations for the � ltered � elds from the NS equations.
Once the basic equations are written down, the next step is to dis-
cretize them in time and space and solve them numerically to com-
plete theLES procedure.For LES to haveany credibility,the sources
of errors in the numericalproceduremust be understood,quanti� ed,
and controlled. In the author’s view, rigorous error analysis of this
kind needs to complement performance tests where certain phys-
ical quantities are computed and compared with experiments in a
full-scale simulation.

Carefulerroranalysisin LES, and indeedin DNS aswell, involves
some special dif� culties. The problem is that turbulence cannot be
characterizedby a single spaceand timescale that can be normalized
to unity. Consider, for example, the one-dimensionalwave equation

@u

@t
C @u

@x
D 0 .67/

If the spacevariableis discretizedand the x derivativeevaluatedwith
a second-order central difference scheme, it is well known that the
resulting truncation error »u00012=6. In simple problems, such as
the propagationof a wave packet, one can reasonablyde� ne unique
characteristiclength and timescale so that u 000 is of order unity if the
equations are nondimensionalizedwith these characteristic scales.
Thus, one may reasonably conclude that for the central difference
schemethe truncationerror»12 . This is no longertrue in turbulence
or in other nonlinearproblems characterizedby a broad spectrumof
scales. In LES or DNS one could write the preceding error estimate
in Fourierspaceas k312 Ou.k/=6; however,themagnitudeof this error
depends on which Fourier modes one looks at and the magnitude
of Ou.k/, which depends on the turbulence spectrum. Therefore, it
is dif� cult to judge without a more precise analysis what the true
magnitude of the errors are.

A method for more carefullyquantifyingnumerical errors in such
nonlinear broadband-spectrum-type problems may be developed
alongthe followinglines.24 To be speci� c we considera hypothetical
numerical simulation using a � nite difference scheme of isotropic
turbulencein a box with periodicboundaryconditions.We consider

only the numerical error due to the spatial discretizationat a given
point in time. The subject of time-discretizationerrors and numer-
ical stability is rather large and is not discussed here. The effect of
time discretization on turbulence with a realistic energy spectrum
has recentlybeen studiedby Fabignon et al.25 using a generalization
of the Von Neumann analysis.

The essential idea in the analysis of space discretization errors
in turbulence24 is to write the � nite difference implementation of
a numerical scheme in spectral space by using the modi� ed wave
number to represent the differencing scheme. The numerical error
for a wave of given wave number k can be written as the sum of
three terms: 1) the subgrid modeling error, 2) the truncation error,
and 3) the aliasing error. The origin of error 1 is clear; it appears
because the subgrid model does not exactly equal the true subgrid
stress ¿i j . Because we do not know what the true subgrid stress is,
any theoretical treatment is dif� cult. The problemeither needs to be
studied by a priori testing, where the subgrid stresses are extracted
from a well-resolved DNS � eld and compared to the model,26;27 or
by a posteriori testing,where a full simulation is run (see the review
paper by Lesieur and Metais5 and references therein) and various
statistics from the simulation are compared to DNS or experiments.
Both of these approaches are prevalent in the LES literature and
will not be discussed here. Instead, we will assume that ¿i j is ex-
actly known so that any numerical errors incurred in computing the
model will also be neglected.The truncationerror in differentiating
¿i j on the right-hand side of the momentum equation is, however,
included.

The truncationerror arises becausenumerical differentiationcan-
not � nd the exact derivative of a Fourier mode. Thus, if we apply a
� nite differencingoperator D to a wave A exp.ikx/, then the result
is ik 0 A exp.ikx/, where k0 is a function of k and the grid spacing h
and k0 is called the modi� ed wave number of the � nite difference
operator D.

The aliasing error arises when nonlinear terms are evaluated by
multiplying together variables de� ned on a discrete grid, generat-
ing higher harmonics. The wavelengthsof some of these waves are
so short that they cannot be resolved on the grid. They get mis-
interpreted as a wave of much larger wavelength (they acquire an
alias or duplicate identity). This description can be presented in a
more formal way24; in the literature on spectral methods the origin
of aliasing errors is well-known9 and so is their potential to in� ict
serious damage on simulations.4 The aliasingerror depends on how
the nonlinear term is written. For example,d=dx.u2/ is not the same
as 2u.du=dx/ on discretization.

Once these error terms are written down, they would contain
quadratic terms in the velocities, such as ui u j , due to the quadratic
nonlinearity inherent in the NS equations. A useful thing to know
about these errors is their power spectra. These, too, can be written
down in a formal way, but they now contain terms that are quar-
tic in the velocities. One now uses the quasinormal hypothesis that
works quite well at the kinematic level (though the long-termeffect
of the deviations from quasinormality has prevented its successful
exploitation as a closure scheme) to express fourth-order velocity
moments by second-order ones. Further, for isotropic turbulence,
these second-ordermoments can be reexpressed in terms of the en-
ergy spectrum.A similar strategywas used by Bachelor28 to deduce
the pressure spectrum of isotropic turbulencefrom the energy spec-
trum. The end result is a set of analytical formulas for the error
spectra. These will not be written down here, but the reader may
� nd them in the original reference.24

Figure 1 shows the power spectrum of the truncation error for
centraldifferencesschemesof second,fourth,sixth,and eighthorder
for a turbulence spectrum modeled with the Von Kármán spectrum
[E.k/ » k4 as k ! 0 and E.k/ » k¡5=3 as k ! 1] at a Reynolds
number consideredessentially in� nite. The normalizationis chosen
so that the energy spectrumhas its maximum valueof unity at k D 1.
The symbols represent upper and lower bounds for the true subgrid
force computed using similar quasinormal analysis. It is clear that,
even for the high-order schemes, truncationerrors are unacceptably
large. The physical reason for this is the modi� ed wave number has
the largest deviation from the true wave number near the cutoff.
However, in LES, the energy spectrumdoes not fall off sharplynear
the cutoffdue to a dissipationrangeas it does in DNS. In the standard
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Fig. 1 Power spectra of the truncation error for (top to bottom)
second-, fourth-, sixth-, and eighth-order central difference schemes
(——) compared to upper and lower bounds of subgrid force ( ).

Fig. 2 Power spectra of the truncation error for a second-order central
difference scheme for two different grid resolutions (——) compared to
upper and lower bounds of subgrid force ( ).

implementation of LES the grid size is usually considered equal
to the � lter size. As a result, increasing the resolution essentially
changes the problem by bringing in new modes. Both the subgrid
term and the truncationerror changeswithout changing the fact that
the truncationerror dominates the subgrid force.This relationcould
only change when the LES converges to a DNS and all scales of
motion are resolved. There is no concept of grid independence in
the standard implementation of LES.

Figure 2 shows how the truncationerror spectrumfor the second-
order central difference scheme changes when the grid size is re-
duced by a factor of 4. Also shown for comparison are the power
spectra (upper and lower bounds) for the subgrid force at the two
different resolutions.The results support the statementsmade at the
end of the last paragraph.Both the truncation error and the subgrid
force are altered by the increasedresolution,but the truncationerror
continues to dominate the subgrid force.

Figure 3 shows the aliasing error spectra for central difference
schemesof second and fourthorder as well as that of a (undealiased)
pseudospectral scheme that has no truncation errors. The aliasing
error is once again seen to dominate the subgrid force. The schemes
with the larger truncation errors have somewhat reduced aliasing
errors. This effect is well known4 and is because the modi� ed wave
number of the approximate differencing schemes goes to zero near
the grid cutoff.

One possiblemethodof controllingthese errors is shownin Fig. 4.
Here the � lterwidth is takenas twice thegridspacing(the � lterbeing
assumed to be of the Fourier cutoff type), and the truncation error

Fig. 3 Power spectra of the aliasing error for an undealiased pseudo-
spectral scheme (——), fourth-order central difference scheme (– – – ),
and second-order central difference scheme (¢ ¢ ¢ ¢ ) compared to upper
and lower bounds of subgrid force ( ).

Fig. 4 Power spectra of the truncation error for (top to bottom)
second-, fourth-, and eighth-order central difference schemes (——)
compared to upper and lower bounds of subgrid force ( ) when the
� lter width is taken as twice the grid spacing.

spectrumis plotted for the second-,fourth-,and eighth-ordercentral
differencingscheme.In this case, the truncationerror is reducedsev-
eral orders of magnitude below the subgrid force for the eight-order
scheme. Further, for the Fourier cutoff � lter, the aliasing error is
reducedexactly to zero (a manifestationof the familiar 3

2 dealiasing
rule). A � lter to grid ratio of 2, however, implies an eightfold in-
crease of grid points and a further increase in computational time if
the maximum time step is limited by the Courant–Friedrichs–Lewy
condition.

The preceding analysis of errors is essentially kinematic in na-
ture. It quanti� es the magnitude of the error but gives no infor-
mation about the long-term dynamic effect of these errors on the
computation. Such information, however, is critical for the success
of the numerical method. A systematic study of this issue in the
context of LES has recently been undertaken by Kravchenko and
Moin.29 These authors used a channel � ow code that used a high-
order B-spline method in the wall normal direction and a pseu-
dospectral method in the remaining two homogeneous directions.
The effect of using � nite difference implementationsin the homoge-
neousdirectionscould be studiedby replacingthe wave numbers by
modi� ed wave numbers in the spectral evaluation of derivatives in
the code. The effect of aliasing errors could be simulated by simply
omitting the dealiasing procedure. Further, by introducing appro-
priate phase shifts in the Fourier modes, the code could be made to
mimic computations on a staggered mesh.
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As a result of a series of systematic numerical experiments, the
authors29 concluded that both aliasing and truncationerrors of low-
order schemes do seriously degrade LES computations, as conjec-
tured earlier based on a theoretical analysis.24 (Note that a similar
problem was observed and reported earlier26;30;31 in the context of
mixing layer calculations.) Of these, the aliasing error was found
to be the source of the most serious problems because it interfered
with the energy conserving nature of the scheme and could lead
to unstable calculations. The magnitude of the aliasing error de-
pended on the form in which the nonlinear term was written. The
skew-symmetric form had the lowest aliasing error due to some
cancellationsbetween the partial contributions.This dependanceof
the aliasing error on the form of the nonlinear term has also been
studied earlier by Blaisdell et al.32 These studies have motivated a
move toward high-order � nite difference schemes for LES calcula-
tions that retain, at the discrete level, the energy, momentum, and
mass conserving properties of the basic LES equations.33

V. Conclusions
The numericalsimulationof turbulenceis an extremelycomputa-

tionally intensive enterprise and quickly saturates even the impres-
sive gains in computer speeds that marks every new development
in computer technology. This fact, coupled with the extraordinary
theoreticaldif� culties involved in developingany statistical closure
theory of turbulence, propels LES as the most versatile tool for en-
gineering calculations. The potential of LES for visualization of
the essential structures in the � ow, as well as for reliable quantita-
tive predictions,has been demonstrated,at least in relatively simple
geometries. One of the challenges ahead would be to demonstrate
unambiguously that LES is able to predict quantitativelystatistical
measures of interest in the domain of truly complex engineering
� ows.

This transition naturally raises questions such as the following:
1) Can the theoretical framework of LES originallyenvisagedfor

uniformgrids be extended to includenonuniformgrid distributions?
2) Are � nite difference methods, which are the most convenient

to implement in complex geometry, adequate for LES?
3) What is the best way to restrict the class of subgrid models so

that they have as many of the properties of the true subgrid stress
built into them?

An attempt has been made in this review to summarize recent
research on questions of this kind.
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